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Abstract 

A theory in which 16- dimensional curved Clifford space (C-space) provides a realization 
of Kaluza-Klein theory is investigated. No extra dimensions of spacetime are needed: 
"extra dimensions" are in C-space. It is shown that the covariant Dirac equation in C-space 
contains Yang-Mills fields of the U(l) x SU(2) xSU(3) group as parts of the generalized spin 
connection of the C-space. 

1 Introduction 

There is more to spacetime than usually envisaged in special or general relativity. Even at 
the classical level, besides the bosonic coordinates it is customary to include Grassmann 
odd coordinates into the game (see, e.g. [I]). They provide a description of spinning 
degrees of freedom. An alternative way [2| [I! of extending spacetime is to consider the 
corresponding Clifford space (shortly C-space) generated by basis vectors 7^. A point of C- 
space is described by a set of multivector coordinates (s,x fl ,x' J ' u , ...) which altogether with 
the corresponding basis elements (1,7^,7^, ...) form a Clifford aggregate or polyvector X . 
It is well known |HJ |U] that the elements of the right or left minimal ideals of Clifford algebra 
revised version of this paper will appear in Physics Letters B. 



can be used to represent spinors. Therefore, a coordinate polyvector X automatically 
contains spinor as well as bosonic coordinates. In refs. |TUJ E] it was proposed to formulate 
string theory in terms of polyvectors, and thus avoid using a higher dimensional spacetime. 
Spacetime can be 4-dimensional, whilst the extra degrees of freedom ( "extra dimensions" ) 
necessary for consistency of string theory are in Clifford space. 

In this paper we propose to go even further: 16-dimensional curved Clifford space 
can provide a realization of the Kaluza-Klein idea ^U]- We do not need to assume that 
spacetime has more than four dimensions. The "extra dimensions" are in Clifford space. 
This approach has seeds in refs. |12t ITS] , but explicitly it was formulated in refs. |lU| ITi] . 
We will first investigate some basic aspects of the classical general relativity-like theory in 
C-space. Then we pass to quantum theory and rewrite the Dirac-like equation in curved 
C-space and show that the corresponding generalized spin connection contains Yang-Mills 
fields describing fundamental interactions. 

Although other authors in a number of very illuminating and penetrating papers 
have investigated unified models of fundamental interactions within the framework of Clif- 
ford algebra, they have not fully employed the concept of Clifford space, together with 
the C-space metric, affine and spin connection, polyvector- valued wave function j^j, which 
all enable to formulate a Kaluza-Klein like theory in 16-dimensional Clifford space defined 
over 4-dimensional spacetime. As far as I know this is a novel approach (see also refs. 

o 13 ennui). 

2 Clifford space as a generalization of spacetime 

Since pioneering works by Hestenes ^H], Clifford algebra has been extensively investi- 
gated (see e.g. refs. jT7j-[22])- Some researchers [I| proposed to replace spacetime with 
a larger geometric structure which is based on Clifford algebra. This has led to the concept 
of Clifford space (shortly C-space). 

Suppose we have an n-dimensional space V n , not necessarily flat. At every point x G V n 
we have a flat tangent space, its basis being given in terms of n orthonormal vectors i a , 
a — 1, 2, n satisfying the Clifford algebra relations 

la ■ lb = \{lalb + Ibla) = Vabl (1) 
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where r\ ah is a pseudo-Euclidean metric whose signature is kept arbitrary at this stage. The 
basis vectors 7 a form a local basis in V n and they generate the Clifford algebra Cm u - The 
basis of the latter algebra is given by the set 

{1a} = {l,Ton7tti«a, .»,7ttiaa...an} J fl l < a 2 < - < a r , r=l,2,...,7l (2) 

where 7 ai a 2 ...a r = 7oi A 7a 2 A ... A 7 ar = ^[7on7a 2) •••,7<J is the wedge product. 

From a local basis {7 a } we can switch to a coordinate basis {7 M } according to the 
relation 

7m = e/ 7 a (3) 

where e^ 0- = 7 M • 7 a is the vielbein field. 
The coordinate basis vectors satisfy 

7m-7^=2(7m7^ + 7^)=^ (4) 

where is the metric of V n . We may use 7 M as generators of Clifford algebra with the 
basis 

{7m} = {7>7 w >7wa> ->7Mi-/te} > Pi < fa < - < , r = l,2,...,n (5) 

where 7 = 1 and 7^...^,. = 7 W A 7 M2 A ... A 7^. Since 7 M and gr^ depend on position, we 
have different Clifford algebras Cy n at different points x G V n . The continuous set of all 
those algebras over a domain of V n forms a manifold Cy n (x) which is usually called Clifford 
bundle or Clifford manifold. 

In this paper we propose to introduce a more general Clifford manifold (see also EH 
IT2]). Let us start from the flat Clifford space with basis (J2J). We then perform transition 
to a curved Clifford space with basis {7m} by means of the relation 

7m = e M A j A (6) 

where eu A is the fielbein field in C-space. The latter relation is more general than Q. 
Explicitly it reads 

ry = p °1 _|_ p _|_ p a l a 2^, I — 1— p a l- a ™^y 

f/il A t c 0l t /aia 2 T ••■ /ai...a n 

~ — P °1 _|_ P a i~, _|_ P a i a 2~, _i_ _|_ p ai...a n 

'v =e -1 + e ai ^y+e aia2 ^ + +e a i-<*n-, (7) 
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where 7 ai ... ar = 7<n A ••• A 7a r , whilst 7 A11 ... Mr are no longer defined as the wedge product. 
From the basis elements 7m we can define the metric of C-space according to 

G M n = 7m * In (8) 

Here ' denotes the reversion, that is the operation which reverses the order of the gener- 
ators 7 a (for example, 7 aia2a3 = 7a 3 a 2 ai), whilst '*' denotes the scalar product between two 
Clifford numbers A and B 

A*B = (AB} (9) 

The quantities 7m, £m A , Gmn are now assumed to depend on position in C-space 
which can be parametrized by C-space coordinates vector fields 

X = x M lM = S1 + x^ + 2™ 7 ^ 2 + - + •'''"-"•,<,..„. (10) 

In C-space the multivector grade is relative to a chosen basis, and a coordinates transfor- 
mation in C-space in general changes the grade of 7 w .. <A4r . Thus even if an object appears 
as a 1-vector with respect to a coordinate basis 7^, it is a polyvector (a superposition of 
multivectors) with respect to the local basis 7 a . 

We have thus a curved Clifford space (C-space). A point of C-space is described by 
coordinates x M . A coordinate basis is {7m}, whilst a local (flat) basis is {7a}- The tetrad 
field is given by the scalar product cm A = 7m * 7 A - 

The multivector coordinates s, 

mi •••^n provide a description of oriented 
r-dimensional areas. In refs. J7j a physical interpretation was given, namely that the 
multivector coordinates can be used to describe extended objects, such as closed branes. 

3 On the realization of Kaluza-Klein theory in curved 
Clifford space 

The basic idea of Kaluza-Klein theory is that spacetime has more than four dimensions. 
The extra dimensions of curved spacetime manifest as gauge fields describing the funda- 
mental interactions. Instead of introducing extra dimensions, we can investigate a theory 
which starts from 4-dimensional spacetime and then generalize it to curved Clifford space. 

Let us first consider the equation of geodesic in curved C-space. We can envisage that 
physical objects are described in terms of x M = (s, x M , x^ u , ...). The first straightforward 
possibility is to introduce a single parameter r and consider a mapping r — > x M = X m (t) 
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where X M (r) are 16 embedding functions that describe a worldline in C-space. From the 
point of view of C-space, X m (t) describe a worldline of a "point particle": at every value 
of t we have a point in C-space. But from the perspective of the underlying 4-dimensional 
spacetime, X m {t) describe an extended object, sampled by the center of mass coordinates 
X^(t) and the coordinates X Ml/i2 (r), X /ilM2/i3At4 (r). They are a generalization of the 
center of mass coordinates in the sense that they provide information about the object's 
2- vector, 3- vector, and 4- vector extension and orientation 1 . 
The dynamics of such an object is determined by the action 

I[X}= j dr{X M X N G MN f' 2 (11) 

«-= vFsSH'^ (12) 

Here X J = dX J /dr is the derivative with respect to an arbitrary monotonically increasing 
parameter r, and T^ K is the connection defined according to 2 

dhn N = ^mnIk (13) 

The above relation is a generalization ^2] of the well known relation [16j. 

When the derivative 8m acts on a polyvector A = A N/ jn we obtain the covariant 
derivative Dm acting on the components A N : 

d M {A N lN ) = d M A N lN + A N d MlN = (d M A N + T N MK A K ) lN = D M A N lN (14) 

Here the A N are scalar components of A, and 8m A N is just the ordinary partial derivative 
with respect to X M : 

q ( d d d d 
M ~ \ds' dx^ 1 9x^^ 2 ' dx^-^n 

The derivative 8m behaves as a partial derivative when acting on scalars, and it defines 

a connection when acting on a basis {7m}- It has turned out very practical 3 to use the 

easily writable symbol Dm which — when acting on a polyvector — cannot be confused with 

partial derivative. 

When inspected from the 4-dimensional spacetime, the equation of geodesic (fT2"j) con- 
tains besides the usual gravitation also other interactions. They are encoded in the metric 

1 A systematic and detailed treatment is in ref. |7j. 
2 For more details see refs. ^3 El El 

3 Especially when doing long calculation (which is usually the job of a theoretical physicist) it is much 
easier and quicker to write 8m than Dm, Vmi D 1m , V 7flf which all are symbols used in the literature. 
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components Gmn of C-space. Gravity is related to the components G^, /i, v — 0, 1, 2, 3, 
while gauge fields are related to the components G^m, where the index M ^ v assumes 
12 possible values, excluding the four values v = 0, 1,2,3. In addition, there are also in- 
teractions due to the components G M ni but they have not the property of the ordinary 
Yang-Mills fields. 

If we now consider the known fundamental interactions of the standard model we see 
that besides gravity we have 1 photon described by the abelian gauge field A^, 3 weak gauge 
bosons described by gauge fields W°, a = 1,2, 3, and 8 gluons described A° , c = 1, 2, 8. 
Altogether there are 12 gauge fields. 

Interestingly, the number of mixed components G^ M = (G^, C M[a/3] , G^[ Q/3p] , G^ a/3pcT] ) 
of the C-space metric tensor Gmn coincides with the number of gauge fields in the stan- 
dard model 4 . For fixed //, there are 12 mixed components of G^m and 12 gauge fields 
Ap, A c ^. This coincidence is fascinating and it may indicate that the known interac- 
tions are incorporated in curved Clifford space. 

Good features of C-space are the following: 

(i) We do not need to introduce extra dimensions of spacetime. We stay with 4- 
dimensional spacetime V4, and yet we can proceed a la Kaluza-Klein. The extra 
degrees of freedom are in C-space, generated by a basis of V4. 

(ii) We do not need to compactify the extra "dimensions". The extra dimensions of C- 
space, namely s, CO j CO j CO cIjI*^ not just like the ordinary dimensions of space- 
time considered in the usual Kaluza-Klein theories. The coordinates 
are related to oriented r-surfaces, r = 2,3,4, by which we sample extended objects. 
Those degrees of freedom are in principle not hidden from our direct observation, 
therefore we do not need to compactify such "internal" space. 

(iii) The number of the mixed metric components G„ M (for fixed /i) is 12, precisely the 
same as the number of gauge fields in the standard model. 

4 The numbers of the independent indices [o], [a/3], [a(3p], [af3pa] are respectively 1,6,4,1 which sums 
to 12. 
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4 The Dirac equation in curved C-space 
4.1 Spinors as members of left ideals 

How precisely the curved C-space is related to Yang-Mills gauge fields can be demonstrated 
by considering a generalization of the Dirac equation to curved C-space. 

Let $(X) be a polyvector valued field over coordinates polyvector field X = x m jm- 

$ = <j> A lA (16) 

where 7a, A = 1,2,. ..,16, is a local (flat) basis of C-space (see eq.(j2J) and (p A the pro- 
jections (components) of $ onto the basis {7a}- We will suppose that in general (fi A are 
complex-valued scalar quantities. 

Instead of the basis {7a} one can consider another basis, which is obtained after mul- 
tiplying 7^ by 4 independent primitive idempotents JO* 

Pi= J(l + Oi7A + 6<7B + Ci7c) , i = 1,2,3,4 (17) 

such that 

Pi = -(1 + aa A )(l + ba B ) , 7 A 7 B = 7c , a = aA (18) 

Here Oj, bi, Ci are complex numbers chosen so that Pf = Pi. For explicit and systematic 
construction see I2H| • 

By means of Pj we can form minimal ideals of Clifford algebra. A basis of left (right) 
minimal ideal is obtained by taking one of Pi and multiply it from the left (right) with all 
16 elements '-/a of the algebra: 

lA p, g if , p a a e xf (19) 

Here Xf and X iy i = 1,2,3,4 are four independent minimal left and right ideals, respec- 
tively. For a fixed i there are 16 elements Pij A , but only 4 amongst them are different, the 
remaining elements are just repetition of those 4 different elements. 

Let us denote those different elements £ a i, a = 1,2,3,4. They form a basis of 
the i-th left ideal. Every Clifford number can be expanded either in terms of ja — 

) or in terms of £ ai = (£ ai , £ a2 , £ a3 , Ca4>- 

$ = a 7 a = ^ = r'u = ^Ha (20) 
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In the last step we introduced a single spinor index A which runs over all 16 basis elements 
that span 4 independent left minimal ideals. Explicitly, eq. (j^UJ) reads 

* = = r'u + r 2 u + r 3 u + r A u (21) 

Eq. pUj) or (j2H) represents a direct sum of four independent 4-component spinors, each 
living in a different left ideal X 4 L . 

In ref. |Sj it was proposed 5 that the polyvector valued wave function satisfies the Dirac 
equation in C-space: 

d^j = 7 M d M ^ = (22) 

The derivative 3m is the same derivative introduced in eqs. (|T3|) and (JHJ). Now it acts on 
the object \l/ which is expanded in terms of the 16 basis elements which in turn can be 
written as a superposition of basis elements 7^ of Clifford algebra. The action of 8m on 
the spinor basis elements £^ gives the spin connection: 

Qm^a = ^m B a£b (23) 
Using the expansion (|21|) and eq. (|23|) we find 

l M d M ^ A U) = 1 M {9m^ A + Tm A b^)U = (24) 

This is just a generalization of the ordinary Dirac equation in curved spacetime. Instead 
of curved spacetime, spin connection and the Dirac spinor, we have now curved Clifford 
space, generalized spin connection and the generalized spinor ip A which incorporates 4 
independent Dirac spinors, as indicated in eq. (|2*T|). 
We may now use the relations 

* Zb = (&b)s = S A B (25) 

and 

(f\ M U)s = (l M f A (26) 

where the operation ( )g = Tr( )o takes the scalar part of the expression and then performs 
the trace. We normalize £^ so that (|2*3|l is fulfilled. By means of (J23j) we can project eq.pij) 
onto its component form 

(l M f A (dM^ A + T M A ^ § ) = (27) 

5 See also illuminating works in refs.|510I|. 
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The spinor indices A, B can be omitted and eq. (|27|) written simply as 

1 M (d M + r M )^ = o (2* 



We see that in the geometric form of the Dirac equation \2fy) spin connection is au- 
tomatically present through the action of the derivative Dm on a polyvector \1/ written as 
a superposition of basis spinors The reader has to be careful (i) not to confuse our 
symbol &m (when acting on a polyvector) with a partial derivative, (ii) not to miss the 
fact that in eq. (}2*2*|) is a Clifford algebra valued object, not just a component spinor, 
and (iii) not hastily think that eq. f!22l) lacks covariance. 

4.2 Yang-Mills gauge fields as spin connection in C-space 

Let us define generators of the transformations (i.e., local rotations in C-space) according 
to 

( \[1a,1b\, if A ^o,B^o , 2g . 



J AB 



17b , if A = o 

We also have T*ab = Jab 7c, where Jab are constants. 

A generic transformation in C-space which maps a polyvector \l/ into another polyvector 
is given by 

= mS (30) 

where 

R = e ^ AB « AB =e y A a A and S = e^*P AB =e^ A (31) 

Here a AB and (3 AB , or equivalently a A = fcD A oc CD and f3 A = fcD A f3 CD ', are parameters of 
the transformation. 

In general, eq. ()3())1 allows for the transformation which maps a basis element ja into a 
mixture of basis elements. In particular, we have the following three interesting cases: 

(i) a AB ^ 0, (3 AB = -a AB . Then we have 

= RVR- 1 (32) 

This is the transformation which preserves the structure of Clifford algebra, i.e., it maps 
the basis elements ^a into another basia element ^a 1 of the same Clifford algebra. 

(ii) a AB ^ 0, (3 AB = 0. Then we have 

= m> (33) 
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This is the transformation which maps a basis spinor £ ai into another basis spinor £' ai 
belonging to the same left ideal: 

U cl^ £ ai = R£ ai c If (34) 

(iii) a AB = 0, (3 AB + 0. Then 

= (35) 
This is the transformation that maps right ideal into the right ideals: 

U Cl B ^ Z' ai = US C Zf (36) 

In general, for the transformation (|3U|) we have 

= ^ A R£ A S = ^ A U A % = (37) 

where 

f A = U A ^ B (38) 

This transformation, in general, mixes right and left ideals. Eq. ()38)1 can be considered as 
matrix equation in the space spanned by the generalized spinor indices A, B\ 

ip' = Utp (39) 

where U is a 16 x 16 matrix, whilst ifi and ifi' are columns with 16 elements. From (J37)) . (j38)) 
it follows that U = R <8> S T , where R and S are 4x4 matrices representing the Clifford 
numbers R and S. That is, U is the direct product of R and the transpose S T of S, and 
it belongs, in general, to the group GL(4, C) x GL(4, C). The group is local, because the 
basis elements ^a entering the definition (|32j) depend on position X in C-space according 
to the relation analogous to (JT3J), and also the group parameters a A , [3 A in general depend 
onl. 

We now require that the C-space Dirac equation is invariant under the transformations 
(EOD, (EH): 

d'm' = d^! = 7 M <9m(^Ci) (40) 
After using eq.(J2HI) we then find 6 

r' M / = U p § U d A^MC 3 + d M U b A U b B (41) 

6 More details will be provided elsewhere. 
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This is the transformation for the generalized spin connection (i.e., the connection in C- 
space). In matrix notation 7 this reads 

T' M = UTmU- 1 + UduU' 1 (42) 

We see that Tm transforms as a non abelian gauge field. The most general gauge group 
here is 8 GL(4,C) x GL(4,C). As subgroups it contains for instance SL(2,C) and U(l) x 
SU(2) x SU(3). The former group describes the Lorentz transformations in Minkowski 
space (which is a subspace of C-space), whilst the latter group coincides with the gauge 
group of the standard model which describes electroweak and strong interaction. We have 
thus demonstrated that the generally covariant Dirac equation in 16-dimensional curved 
C-space contains the coupling of spinor fields ip A with non abelian gauge fields Tm A § which 
altogether form the spin connection in C-space. 

Whether this indeed provides a description of the standard model remains to be fully 
investigated. But there is further evidence in favor of the above hypothesis in the fact 
that a polyvector field \I> = ip A ^ has 16 complex components. Altogether it has 32 real 
components. This number matches, for one generation, the number of independent states 
for spin, weak isospin and color (together with the corresponding antiparticle states) in 
the standard model . A complex polyvector field \& has thus enough degrees of freedom to 
form a representation of the group GL(4,C)x GL(4,C) which contains the Lorentz group 
SL(2,C) and the group of the standard model U(l)xSU(2)xSU(3). The generators of the 
group are given by T>ab defined in eq. ()29|). 

In the special case of free fields, the C-space Dirac equation ()22|) decouples into the set 
of four independent generalized Dirac equations for four independent 4-component spinors, 
each living in a different minimal left ideal: 

i 7 M d M ^ ai = 0, i = 1,2,3,4 (43) 

or explicitly, 

*(7°<9 + 7"0/i + 7^<V + T P ^ P + T^d^W 1 = (44) 
A particular solution is 

^ai = u ai e iP M X M (< 45 ) 

7 The objects are considered as matrices in the generalized spinor indices A, B, C, D. 

8 The group GL(4,C) is subjected to further restrictions resulting from the requirement that the trans- 
formations 130(1 should leave the quadratic form * invariant. So we have ip'^ * ty' = (if)'* i if')s = 
(S t ^ n R t mS) s = (***>s = provided that = 1 and S t S = 1. Explicitly, the quadratic form 

reads ^ * $ = ip* A ip B z^g, where = £\ * £g is the spinor metric. 
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where u a% satisfies 

(7°Po + 7>m + r v P^ + Y up P»u P + Y upa p^ P *)u ai (p ,p„p^,p^ p, upa ) = (46) 

A spinor %p a% incorporates, besides the linear momentum excitations, also the area and 
volume modes, determined by Pp U , P pup, P pupa- Those extra modes take into account the 
extended nature of the object. For a nice description of this latter concept on an example 
of the quenched minisuperspace propagator for p-branes see ref. [25J. 

However, in the interactive case (i.e., in curved C-space), we have the set of coupled 
equations (J2*H|) in which there occurs the C-space spin connection T M . Using eq. we 
can calculate the curvature according to 

[9m, d N ]^ = Rmn B a £b (47) 

where 

RmN B a = 9m^N B a ~ 9n^M B 'a + r \l E ' c^N° A ~ ^ ' \l° A (48) 

This is the relation for the Yang-Mills field strength. From the curvature we can form the 
invariant expressions, for instance Rmn AB {l M ^ * ^aXt^* * £b) aric ^ Rmn AB R MN ab which 
can be used in the action as the kinetic term for the fields Tm A §- 

Using eq. (|29j) we can express the spin connection in terms of the generators 9 : 

= ~n AB N z A B = a n a 1a , a n a = -n CD N f CD A (49) 

Inserting (J4T?|) into (pIS|) we obtain 

Fmn = 9mAn A — OnAm A + Am B An C Cbc A (50) 

where Cbc A are the structure constants of the Clifford algebra: [7,4,75] = Cab°1c- 
The C-space Dirac equation (|2~%j) can be split according to 

Y(dp + r M ) + l M (d M + Ym)] i> = (51) 

where M = (/x, M), and M assumes all the values except M = /1 = 0, 1, 2, 3. 
From eq. (|4*9"j) we read that the gauge field Tm contains: 

(i) The spin connection of the ^-dimensional gravity T^> = |fi ab M [7 a , 7J. 



3 We now omit the indices A, B. 
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(ii) The Yang-Mills fields A^j^, where we have split the local index according to 
A = (a, A). For A = o (i.e., for the scalar) the latter gauge field is just that of U(l) group. 

(iii) The antisymmetric potentials A pui A pup , A fJiUpa , if we take indices A = o (scalar) 
and M = fiu, fiup, pupa. 

We see that the C-space spin connection contains all physically interesting fields, in- 
cluding the antisymmetric gauge fields which occur in string and brane theories. 

A caution is in order here. From eq. (J49j) it appears that there are only 16 independent 
generators 7^4 in terms of which a gauge field is expressed. But inspecting the generators 
(|29|) we see that there are more than 16 different rotations in C-space. However, some 
of them, although being physically different transformations, turn out to be mathemat- 
ically described by the same objects. For instance, the generators £ a b = §[7 a ,7&] and 
^ai = i [757a, 757(J = |[7a,7fe] are equal, although the corresponding transformations, i.e., 
a rotation in the subspace M4 and the rotation in the dual space M4 are in principle in- 
dependent. Similarly we have E x j = | [71, 7571] = 75 = X 6 = I75. Such degeneracy of 
the transformations is removed by the fact that the transformation can act on the spinor 
polyvector \1/ either from the left or from the right (according to (|3Uj) ). 

Returning to the Dirac equation (|51|) we see that besides the part having essentially 
the same form as the ordinary Dirac equation in the presence of minimally coupled 4- 
dimensional spin connection and Yang-Mills fields, there is also an extra term which can 
have the role of mass if ip is an eigenstate of the operator 7 M (<9 A f + T^). Since the 
metric signature of C-space is [TU] (8+, 8—) and the signature of the "internal" space is 
(7+, 5—), the mass is not necessarily of the order of the Planck mass; it can be small due 
to cancellations of the positive and negative contributions. 

5 Conclusion 

The theory that we pursue here 10 seems to be a promising candidate for the unification 
of fundamental interactions. It does not require inclusion of extra dimensions. Instead, it 
employs the degrees of freedom incorporated in the 16-dimensional Clifford space of the 
4-dimensional spacetime. A curved Clifford space provides an interesting realization of 
Kaluza-Klein theory without the necessity of enlarging the dimensionality of spacetime. 
Such a fresh approach to unification which takes into account the ideas from various fash- 
10 See also references [El El EH d 
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ionable theories, e.g., Kaluza-Klein theory, Clifford algebra, string and brane theory (branes 
sampled by Clifford numbers), is in my opinion very promising and deserves further more 
detailed investigation. 
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